-  wn. 


UNCLASSIFIED 


«D  400  212 


iite 

ARMED  SERVICES  TKHNICAL INFORHAIION  AGENCY 
ARLINGTON  HALL  STAnW 
ARLINGTW  12,  VIRGINU 


UNCLASSIFIED 


NOTICE:  When  govennnent  or  other  drawings,  speci¬ 
fications  or  other  data  are  used  for  any  pvirpose 
other  than  in  connection  with  a  definitely  related 
government  procurement  operation,  the  U.  S. 
Government  thereby  incurs  no  responsibility,  nor  any 
obligation  idiat soever;  and  the  fact  that  the  Govern¬ 
ment  may  have  fomulated,  furnished,  or  in  any  way 
supplied  the  sedd  drawings,  specifications,  or  other 
data  is  not  to  be  regarded  by  implication  or  other¬ 
wise  as  in  any  manner  licensing  the  holder  or  suiy 
other  penon  or  corporation,  or  conveying  any  rl{^ts 
or  permission  to  manufacture,  use  or  sell  any 
patented  invention  that  may  in  any  way  be  related 
thereto. 


400282 


\  h  ' 


DeisavUment  of  AERONAUTICS  and  ASTRONAUTICS 
STANFORD  UNIUERSITV 


N.  J.  Hoff 
C.  C.  Chao 
Vf .  A.  Madsen 


Y 


c:>. 

•U.  l  ' 


Buckling  of  a  thin-walled 


^  OCULAR  CYLINDRICAL  SHELL  HEATED  ALONG  AN 

g  iStlAL  STRIP 

S.5: 


SEPTEMBER 

1962 


PREPARED  FOR  THE  AIR  FORCE  OFFICE  OF  SCIENTIFIC  RESEARCH 
UNDER  GRANT  NO.  AF-AFOSR-62-146 


SUDAER 
NO.  M2 


Deparlanent  of  Aeronautics  and  Astronautics 
Stanford  University 
Stanford,  California 


BUCKLING  OF  A  IBIN-VALLED 
CIRCULAR  CYLINDRICAL  SHELL  HEATED  ALONG 
AN  AXIAL  STRIP 

by 

Nicholas  J.  Hoff,  Chi -Chang  Chao 
and 

Whyne  A.  Ktodsen 


SUDAER  NO.  Ilv2 
September  1962 


Die  work  here  reported  was  performed  under 
research  grant  No.  AF-AFOSR-62-146 


SIAMARY 


Ihe  elastic  stability  of  a  thln-walled  circular  cylindrical  shell 
Is  Investigated  by  means  of  the  small-deflectlon  theory  when  the  shell 
Is  subjected  to  such  non-xinlform  heating  as  causes  a  uniform  axial  caB> 
presslve  stress  to  arise  In  a  band  of  width  2b  while  the  rest  of  the  shell 
Is  free  of  stress.  Ihe  critical  value  of  the  compressive  axial  stress  Is 
found  to  be  equal  to  t^e  critical  stress  of  the  smue  circular  cylindrical 
shell  when  subjected  to  uniform  axial  coopresslon  provided  the  band  la 
not  extremely  narrow.  In  the  latter  case  the  critical  stress  of  the  band 
Is  hljdiei'  than  that  of  the  uniformly  compressed  shell. 
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niTRODUCTIOM 


Die  coBimonest  structural  element  of  a  missile  is  the  thin-walled 

circular  cylindrical  ^ell>  When  it  is  heated  non-uniformly  hy  the 

boundary  layer  of  the  external  supersonic  air  flow  or  by  an  internal 

rocket  engine,  thermal  stresses  arise  which  can  cause  bucklii^.  It  was 

1* 

shown  in  an  earlier  paper  that  the  shell  is  most  likely  to  buckle 
when  the  tenqperature  varies  in  the  circumferential  direction*  A  par¬ 
ticularly  sliqple  circumferential  teaperature  variation  was  selected  for 
the  present  investigation  because  it  makes  possible  a  rigorous  solution 
in  closed  form.  It  is  characterleed  by  a  uniform  teaperature  rise 
causing  a  uniform  compressive  thermal  stress  in  a  heated  band  of  width 
2b  with  the  rest  of  the  shell  remaining  at  its  uniform  initial  tenper- 
ature.  Hie  analysis,  carried  out  with  the  aid  of  the  small-deflection 
theory,  leads  to  the  interesting  conclusion  that  the  critical  stress  of 
the  heated  band  is  the  same  as  the  critical  stress  of  a  complete  cylin¬ 
drical  shell  subjected  to  uniform  conqpresslon  unless  the  heated  band¬ 
width  is  very  small.  In  the  latter  case  the  critical  stress  of  the  band 
is  higher  than  the  critical  stress  of  the  uniformly  coepressed  shell. 


STATEMENT  OP  WIE  ITOBLEM 


A  thin-walled  circular  cylindrical  shell  is  heated  along  an  axial 
strip  in  such  a  manner  that  a  width  2b  of  the  clrcuaference  attains  a 
uniform  temperature  T  above  the  uniform  Initial  temperature  while  the 
teaperature  of  the  rest  of  the  shell  remains  unchanged.  It  is  assumed 
that  the  cylindrical  shell  is  very  long  in  the  axial  direction  and  thus 
the  thermal  stress  caused  by  the  heating  has  the  constant  value  o^ 
(positive  when  coiq^essive)  over  a  substantial  length  of  the  heated  strip 
as  well  as  across  its  entire  width  2bj  and  outside  the  heated  strip  the 
thermal  stress  is  sero.  Such  conditions  can  be  realised  with  a  short 
cylindrical  shell  also  if  the  circular  boundaries  of  the  shell  are 
prevented  from  displacing  in  the  axial  direction. 

^Superscript  numbers refer  to  the  Bibllogra^iy  at  the  end  of  ■Uie  paper. 
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2  3 

It  has  been  shown  *  that  the  solution  of  a  class  of  problesu  to 

which  the  present  problem  belongs  can  be  aecosqpUshed  most  conveniently 

If  equations  of  the  Donnell  type  are  used.  Ihese  equations  were  given 

h 

recently  in  a  particularly  slagile  form  by  HSChbar  >  Ihe  equation  governing 
the  radial  displacement  v  Is: 


w  +  w 


•xxxx 


2p7^w 


XX 


(la) 


The  other  two  displacements  are  related  to  w  by  the  eqjuatlons 

A  .  (2  . 

where  ^  Is  Laplace's  tvo-dlmenslonal  operator  defined  as 


and 


0  ■ 


cl 


_ E  h 

[3(1  -  * 


(lb) 

(ic) 


(2a) 


(2b, c) 


The  non-dimensional  coordinates  and  dlsplacenents  are  defined  as 


X  »  (x*/a)(2E/a^j^)^/^ 

0  »  0*(2E/a^j^)^/^ 

(3a, b) 

u  -  (uVa)(2B/aj,j^)^/^ 

v  «  (v*/a)(2B/agj^)^/^ 

(lwi,b) 

w  *  (wVa) 

(5) 

and  x*  Is  the  axial  coordinate  (which  Is  a  distance),  0*’  the  circum¬ 
ferential  coordinate  (which  Is  an  angle  measured  In  radians),  i^lle 
u*,  V*  and  w*  are  the  elastic  displacements  (measured  In  uxilts  of 
length)  In  the  axial,  clrcvsnferentlal  and  radial  directions  (see  Fig.  l). 
Moreover  a  Is  the  radius  of  the  middle  surface  of  the  idiell,  h  the 
wall  thickness,  S  Young's  aK>dulus  of  elasticity  of  the  material  and 
P  Is  Poisson's  ratio.  Since 


# 


t 


2 


(6) 


(2E/o^^)^/^  -  [12(1  - 

in  the  normalization  process  fi*  is  multiplied  hy  (a/h)^^^,  x*,  u* 
and  V*  are  divided  'by  (ah)^^^  and  w*  is  divided  by  a.  It  nay  also 
be  mentioned  that  is  the  critical  stress  of  the  cylindrical  shell 

subjected  to  uniform  axial  compression  as  calculated  from  the  classical 
theory. 

In  the  present  problem  p  is  a  positive  constant  in  Eq.  (la)  when 

|0|  <  0Q  =  +  =  +  (b/a)(2B/a^3^)^/^  (7) 

When  inequality  (7)  does  not  hold;  p  is  zero  in  Eq.  (la). 

Earlier  experience^  has  shown  that  details  of  the  conditions  of 
support  along  the  circular  boundaries  have  little  effect  on  the  critical 
value  of  the  axial  stress  when  the  length  of  the  cylinder  is  greater  than 
the  diameter.  For  this  reason  no  'boundary  conditions  will  be  prescrl'bed 
along  these  edges.  Inspection  of  the  characteristic  displacement  functions 
obtained  reveals  that  these  functions  correspond  to  sensible  conditions 
along  the  circular  boundaries. 

Liqportant  boundary  conditions  must,  however;  be  stipulated  along 
the  generators  separating  the  region  with  thermal  stress  from  the  regions 
without  thermal  stress.  If  the  two  different  regions  are  indicated  by 
the  subscripts  h  and  U;  the  conditions  that  radial  displacements; 
slopes;  as  well  as  bending  moment  and  effective  transverse  shear  result* 
ants  must  be  the  same  at  the  boundary  for  the  two  different  regions  can 
be  stated  as 


%0sisi!  “ 


(8c, d) 


3 


In  addition  one  haa  to  require  that  the  axial  emd  circuaferential 
displacenMnts  as  well  as  the  meBd)rane  stress  resultants  should  he  the 
same  at  the  boundary  when  calculated  for  the  two  different  regions.  In 
the  form  of  eqiiatlons 


0  -  ±00 


(9a, b) 


V,  »  V  Si  ^  flf 

It  will  be  shown  later  that  these  four  boundary  conditions  are  mathemati¬ 
cally  equivalent  to  four  boundary  conditions  on  w;  the  latter  can  be 
obtained  from  the  former  with  the  aid  of  Eqs.  (lb)  and  (ic). 


SOUJTIOH  IN  lEE  UNHEA33SD  REGION 


In  the  region  where  the  thermal  stress  is  aero  we  set  p  >  0  and 
obtain  from  Eq.  (la) 


^w  + 


w  "0 
,xxxx 


(10) 


A  conplete  set  of  characteristic  functions  of  this  equation  can  be 
written  as 

-a  0  -a  -a  0 

w/sln  nx  ■  Ae  cos  0^  +  Be  sin  +  Ce  cos  020 

-<*20  OLj 

+  De  sin  020  +  Pe  cos  0j^0  +  Ge  sin  0^0 


<X^ 

+  He  cos  020  +  Je  sin  020 


where 


,  C  f  \2 


-  4 


(11) 


(12a) 


i 


SOLUTION  IN  THE  HEATED  REGION 


In  the  region  of  constant  tengperature  rise  the  thermal  stress 
Is  a  positive  constant,  and  so  Is  the  stress  ratio  p.  A  conqplete  set 
of  characteristic  functions  can  be  given  as 


w/sln  nx  ■  A’  cosh  7^0  +  B'  cosh  7^  +  C’  cos  7^0  +  D’  cos  +  F'  alnh:j^ 


where 


+  O'  Blnh  72^  +  H'  sin  7^0  +  J'  Bln  7i^0 


•-I  -  Vp  [1  +  (1 ' 7)^^^  ^  ”) 


72  =  .^ 

’'3  =  -  7)^^^^  ■  “] 


(1^) 

(1^«) 


Here  A',  B',  ...J'  are  integration  constants,  m  eonseq^ene•  of  lube 


bcundary  conditions  stated,  n 
in  3q.  (li). 
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REPLilCBfEnT  OF  1SE  MEDIAH-FLARE  BOOHDARY  COHDinOIB 


It  Is  convenient  to  replace  the  median-plane  boundary  conditions 
on  u  and  v  vith  boundary  conditions  on  v.  Wien  this  is  done, 

Eqs.  (lb)  and  (ic)  need  not  be  solved  ei^licitly.  First,  Eq.  (la)  can 
be  written  in  the  form 

If  negative  eiqionents  are  introduced  for  the  differential  operators  and 
are  defined  to  denote  inverse  operations  such  that 


1:)  (1^  *  ■ ' 

(l£a) 

7"*^(7^z)  =  z 

(l6b) 

the  radial  displacement  w 


can  be  written  symbolically  as 


(17) 


Substitution  of  this  eiqpression  in  the  right-hand  member  of  Eq.  (lb) 
results  in 


6 


Similarly!  from  Iq,.  (le)  we  obtain 


*  2e  [(2  ♦  t)  (^)  ♦  (I;)  ^  (20) 

It  is  to  be  noted  that  Eqs.  (19)  «md  (20)  con^rise  derivatives  of 
V  up  to  the  seventh  order  in  0.  Hence  the  boundary  conditions  (9)  will 
congprise  derivatives  of  v  up  to  the  eighth  order  in  0.  However!  the 
eic^th-order  derivative  is  linearly  dependent  on  v  and  its  first  seven 
derivatives  in  consequence  of  Eq.  (la).  !Ihere  remain!  therefore!  con* 
ditions  to  be  satisfied  at  the  boundary  by  v  and  its  first  seven 
derivatives  with  respect  to  0.  Our  problem  can  thus  be  stated  completely 
by  means  of  Eq.  (la)  and  eight  boundary  conditions  on  v  and  its  first 
seven  derivatives  with  respect  to  0> 


snsorntic  hjckuhb 

First  the  problem  of  buckling  symmetric  to  the  center  line  of  the 
heated  strip  (0  >=  O)  win  be  considered.  Hence  the  boundary  conditions 
must  be  written  for  0  *  0^  on  the  basis  of  the  solution  given  in 
Eq.  (13)  with 

F»  -  0*  -  H‘  -  J*  =  0  (21) 

For  the  adjacent  unheated  region  the  origin  of  coordinates  will  be 
shifted  to  0  "  0Q  and  thus  in  Eq.  (u)  and  in  the  derivatives  of  w 
calciilated  from  Eq.  (u)!  0  will  be  set  equal  to  aero  when  the  boundary 
conditions  are  written.  For  the  other  uhheated  region  the  origin  is 
shifted  to  0  ■  -0^!  the  positive  sense  of  0  is  inverted!  and  'tiie 
boundary  conditions  are  again  evaluated  at  0>O.  At  0-7  (or 
meas\ired  from  the  center  line  of  the  heated  strip)  the  dlsplacoaents  U! 
V  and  W!  as  well  as  their  derivatives  involved  in  the  boundary  condi¬ 
tions!  are  so  small  that  they  can  be  disregarded.  Hence  ao  eoadltiots 
will  be  stipulated  at  0-7  and  In  Eq.  (u)  we  shall  set 
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F-O-H-J-O 


(22) 


Thus  E^s*  (8a)>(8d)  becooe 

A’  cosh  r^0Q  +  B*  cosh  +  C  cos  -  D'  cos  y^^  -  A  +  C 

(23a) 

k^y^  slhh  y^^  +  B'rg  sinh  y^Q  "  ^’’'3  ’'3^0  '  ^'’'4 

-  +  Bp^  -  OQg  +  DBg  (25b) 

A’r®  cosh  r^0Q  +  B'r|  CO^I  73^0  ■  ®o®  ’'3^0  ■ 

.  A(Q^  -  P®)  -  B2a^P^  +  C(q|  -  p|)  -  D2O2P2  (23c) 

A'7j  slhh  7j^0q  +  B’Tg  sinh  y^^  +  C'73  sin  730^  +  D'rJ  sin  7i^0q 

.  A(3a^P^  -  aj)  +  B(30ijp^  -  pj)  +  C(30t2p2  -  a^)  +  -  p|) 

(23d) 

Because  of  the  syiiinetry>  these  equations  are  eq;ual3y  valid  at  0  ■  0^ 
and  0  -  -0Q 

BXFRXSSIOR  OF  fiOURDARY  CORDITIORS  OR  u  ARD  v  IR  TBOfiS  OF  v 
Because  of  the  fora 

Wjj  -  w  -  f(0)sln  nx  (24a) 

of  the  solution  given  In  Eq.  (13),  and  the  form 

Hi  -  w  «  g(0)sin  nx  (24b) 

given  in  Eq.  (lO),  one  can  write  Eq.  (19)  as 


Alao 


k  -  2  ^ 

V  ■  n  -  2x1  +  “x 

bfT  bfT 


Hence  boundary  condition  (9a)  beconea 


?(” 


k  .  2  S'"  . 

I  -  2n  —X  +  — x 

bfT  W 


-2p  o  + 


7-^ 


J  n\  ar  ar/ar 


”  /’„'•  2-8  *9" 

7V  ■"” 


Several  terms  of  this  equation  cancel  becauae  Eqa.  (8a)  and  (8c)  muat  be 
satisfied  at  the  botindary  |0|  *  0^*  There  remains  therefore 


»  -  a  s'*  9® 


(”*?&)} 


0  -  2  a^  .18^ 


7” 


(a8a) 


Similarly  a  boundary  conditions  (9b)  to  (9d)  become 


t  -  2  8^  ^  1 

r?  80^  7 


(28b) 


(28c) 


.  9  - 


-(5  +  2i>) 


«<-(5  +  2tj) 


.  4  -f  t> 


1 


i?  ^  n  i7  7  ^ 


(28d*) 


But  from  Eq..  17  we  obtain 


n^(n*^  +  1  -  2pn^)w  +  4n^(n®  -  p)  ^  '' 


+  2n2(p  -  3n2) 

hfT  hf 


(29) 


Substitution  In  Eq.  (28d*)  and  omission  of  terms  that  mutually  cancel 
each  other  because  of  the  first  four  boundary  conditions  >  reduce 
Eq.  (28d*)  to 

0  .bo 


(28d) 


We  observe  that  Uth  and  6th  derivatives  ( In  addition  to  lover  order 
derivatives)  occur  In  Eqs.  (28a}  and  (28d);  by  using  a  suitable  multiply¬ 
ing  factor  ve  eliminate  first  all  the  6tb>  and  then  all  the  4th,  deriva¬ 
tives  to  find  Eqs.  (30a}  and  (SOb).  Similar  considerations  lead  to 
Eqs.  (30c}  and  (30d}.  Denoting  derivatives  with  respect  to  0  with 
Roman  numeral  superscripts  we  obtain: 

-  2pn^T^j-  (30a} 


w^  -  -  4pn^w.  •  w^ 

h  h  h  u 


wT  -  2pn^w^  ■  w^ 
h  h  u 


(30b} 

(30c) 
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n  n  n  u 


(30d) 


THE  STABILITY  DETSRMIHAIIT 


Four  Isoundary  conditions  were  given  ejqpllcltly  in  Eqs.  (2%)  to 
(23d).  Four  more  eiqpllelt  expressions  are  obtained  If  and  are 
substituted  from  Egs.  (13)  and  (U)  Into  E^s.  (30a)  to  (30d)  and  0  Is 
set  eqiial  to  0^  In  and  eqjual  to  zero  in  v^.  TSw  resulting  eight 
bonogeneous  eqjuatlons  In  the  coefficients  A'  to  D'  and  A  to  D 
can  be  given  in  matrix  form  as 


where 


cosh  cosh  7^q  cos  7^q  cos  7)^0q 

7^  slhh  7^0q  Tg  Bihh  7200  -7z  ’'3<^0 

7®  cosh  7^00  cosh  7200  'A 

7®  Slhh  7/0  rl  7200  A  ^^3^0 


(S2l) 
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-1 

0 

-1 

0 

“1 

-^1 

“2 

-h 

-(^  - .?) 

-«4  -  4) 

2O2P2 

-61(30^  -  sj) 

-02(302  -  0^) 

-03(30^  - 

(32b) 


(r^-2pn^)cosh7^J>Q  (r2-2pn^)co8hr20Q  {7‘^-2pn^)coB7  ( r]^-2pn‘^  )co8ri^0Q 

(r^-2pnS^-4pn^)  (7^-2pn^72-‘^pn^)  (-y|+2pn^rj-4pn^)  (-<^+2pn^^-ifpn^) 

X  cosh  720Q  X  cosh  7^q  x  cob  7^0q  x  cos  7j^0q 


> _ 2 


_ 2, 


>  «-_2, 


X  cosh  7-^0q 


7i(rJ”2pn^) 

X  sinh  7j0q 


r2(72-2pn^) 
X  sirih 


.7j(r3-2pn^)  -74(7i[-2pn^) 


X  Bin  7300 


X  Bin  7j^0o 


7^i7\'‘2pn^7^~kpn)  72(72-2pn^72-^^  -73(-7|+2pn^^-J<pn)  -^(-7^+2pn^7^-J»ai) 

X  sinh  7j^0o  X  sinh  72^0  ^  ’'s*^0  ^  ’'4^0 

(32c) 

-(p^-a^)^+4o^p^  -4aj^p^O^- a^)  -(p|-o^)2+iw^p|  -Jk72P2(p|-o§) 


.(p2^2)2^p2  .4a^p^(p2.  a^) 

(p2-0!2)3.iatt^p2(p2_Q^) 


(p|^)^-120^^(P^-c^) 


-aiPi[-6(Pi  +  o^)  +32a^p^] 


ai[(p2^)^-8o^p2+4pJ]  a2[(p2-c^)^-8o^2'^2^ 

-Pi[(P^  -  ^)^-8o^Pi+  -PgtO^  +4a^] 

-a^(70|-cif)®-l4a2pj+€c[§]  ^[7(p|-o^)^-l4o^P2+6(4] 

-P^[-7(0i-  o^)*-liio^pJ  +  6p^]  -p2^“'^^^^ 

(32d) 


.  12  . 


A  non-trlvlal  solution  for  the  coefficients  exists  only  if  the 
determinant  of  the  matrix  vanishes.  Hence  the  buckling  condition  is 


(35) 


AHTISOMBIHIC  BUCKLIHO 

The  hested  strip  can  also  buckle  antlsynsetrlcally  with  respect  to 
the  generator  0  «  0q,  that  is  vlth  respect  to  the  center  llm  of  the 
heated  strip.  In  su(di  a' case  the  coefficients  A',  B'l  C  and  D*  vanish 
in  Eq.  13  and  considerations  similar  to  those  offered  for  syasietrle 
buckling  lead  to  the  foUovlng  eight  homogeneous  linear  eqjutlons: 


(5A) 


Here  H  and  Y  denote  the  matrices  given  in  Eqs.  (SSb)  and  (SSd)  aiad 


the  mstrices  O'  and  Q' 

are  defined  as 

sliih 

sihh  7g0Q 

Bin  75^0 

Bin  7^00 

7^  cosh  7^0q 

72  7^0 

^  cos  71,00 

•'  - 

7^  slhh 

7|  Slhh  72^0 

-75  Bln  7/0 

sin  y,,0o 

7®  cosh  7j0q 

7^  cosh  72^0 

.73  COB  7300 

■74  >4^0 

(35d) 
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K  0 

(7^-2pn  )slah7j^^fQ 

iy^-2px?)BtBty^Q 

(75-2p^)sln730o 

(yJ-2^®)sinr4;jJ 

(7^-2pn^7i-4pn'^) 

{y\-2L{my\-kp^) 

(-73+2pn^73-‘^P^»‘) 

(-)^+2pn®7j-W^) 

X  aihy^0^ 

X  alnhyg^o 

X  sin  73^0 

X  8ln7i^0Q 

irl-Zany^) 

(72-2pn^72) 

(73-2pn^7j^) 

iyl-2pa\) 

X  00* 

X  coeih^^Q 

X  cos  75^0 

X  cos  y^0Q 

(7j-4pn\^-2pnSJ) 

(7^Apn\2.2pn^) 

(-7j-‘^pnV3+2pnS’3)  (r'^’^ny^Spa-^) 

X  cosh  y^0Q 

X  cosh  72^0 

X  cos  73^0 

X  cos  7i^I?q 

(35b) 


Ihe  condition  of  antlsyometrlc  buckling  Is 


(36) 


For  sone  values  of  n  and  p  the  root  7^  becomes  imaginary.  In 
these  cases  column  3  In  the  matrices  ,  Q  and  Q'  takes  on  the 

form  of  column  1.  Occasslonally  7^  is  also  Imaginary  and  then  the 
fourth  column  takes  on  the  form  of  column  2. 


RESUIffS  OF  THE  CALCULATIOHS 


The  determlnantal  equations  (33)  and  (36)  were  evaluated  with  the 
aid  of  -Uie  Burroughs  220  electronic  digital  coaster  of  the  Coaptation 
Center  of  Stanford  University.  For  different  fixed  values  of  0^, 
corresponding  values  of  p  and  n  were  congputed  aM  plotted.  Such  a 
plot  is  shown  In  Fig.  2  for  the  case  of  antisynnetric  buckling  with 
2b/(ah)^^^  ■  9.8s.  Points  on  the  curves  shown  satisfy  the  Inickllng 


criterion.  For  practical  purpoaea  the  loweat  value  of  p  ia  of  intereat. 
For  thia  reaaon  the  mininal  valuea  of  p  determined  from  plota  of  the 
type  of  Fig.  2  were  replotted  in  Fig.  S  in  function  of  2b/(ah)^^^.  The 
connection  between  0q  and  the  non>dlmenalonBl  heated  width  can  be 
obtained  from  Eqa.  (3b)  and  (6)  together  with  the  relatlonahlp 

0Q  -  to/a  (37) 

One  gets 

00  -  [12(1  -  -i-575  (38) 

°  (ah)^2 

Uhen  Poisson' a  ratio  la  0.3,  this  becomea 

It  can  be  seen  from  Fig.  3  that  antlsynmetrlc  buckling  occurs  at 
higher  valuea  of  the  compressive  stress  than  syanetrlc  buckling.  One 
should  eigiMtct  therefore  that  only  synBetrlc  buckling  will  be  observed 
in  ejqperlment.  Tbe  buckling  stress  is  found  to  be  higher  than  that 
corresponding  to  uniform  coapresalon.  However,  the  increase  is  noticeable 
only  if  the  heated  width  is  very  small.  For  practical  purposes  one  may 
say  that  the  increase  may  be  disregarded  if 

2b/(ah)^/^  >  2.5  (39) 

For  narrower  heated  bends,  however,  the  value  of  the  critical  stress  in¬ 
creases  rapidly  with  decreasing  values  of  2b. 

The  buckle  shape  is  sinusoidal  in  the  axial  direction.  Figures  4 
and  5  show  the  variation  of  the  radial  displacements  in  the  circumferen¬ 
tial  direction.  It  can  be  seen  that  the  uidieated  region  does  not  show 
,  noticeable  displacements  when  the  heated  region  is  wide,  but  it  is 
significantly  affected  >dien  the  heated  region  is  narrow. 
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